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Abstract
A new approach to ensemble learning is introduced that takes ranking rather than classification
as fundamental, leading to models on the symmetric group and its cosets. The approach uses a
generalization of the Mallows model on permutations to combine multiple input rankings. Applications include the task of combining the output
of multiple search engines and multiclass or multilabel classification, where a set of input classifiers is viewed as generating a ranking of class labels. Experiments for both types of applications
are presented.

1. Introduction
Many machine learning problems involve the analysis of
ranked data. As an example, in the information retrieval
fusion problem, one is presented with a ranked list of Web
pages output by various search engines, and the task is to
somehow combine them to obtain a more accurate “metasearch” engine. The problem is particularly challenging
since typically only the rankings are available, and not
scores on individual items.
A seemingly unrelated problem is to combine classifiers using what is commonly referred to as an ensemble method.
In an ensemble approach to classification, an input receives a score for each candidate label  , according to functions    that are thought of as votes or confidences
for assigning label  to instance using the -th classifier.
Ensemble methods such as AdaBoost (Freund & Schapire,
1996) combine the classifiers using linear combinations of
these scores. However, often the input classifiers do not
have scores associated with them, or their scores may not
be comparable or well calibrated. An alternative approach
is to view each input classifier in terms of the ranked list of
labels that it assigns to . Under this view it is natural to
build probability distributions over rankings of the labels,
leading to models on permutation groups. This is a largely
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unexplored approach in machine learning, and the one that
is pursued in this paper.
While there has been little previous work on models for
ranked data in the machine learning literature, there is a significant body of work on such models in statistics. Much of
this has focused on simple generative models, estimating a
parametric distribution  where  is a permutation or
coset, corresponding to a partial ranking. Early work in this
direction includes the Thurstone model (Thurstone, 1927)
and the Babington Smith model (Smith, 1950). Mallows
(1957) proposed a metric-based unimodal distribution that
is a special case of the Babington Smith model. Fligner and
Verducci’s multistage models (Fligner & Verducci, 1986;
Fligner & Verducci, 1988) are a generalization of the Mallows model for multistage rankings. The use of group representations as a tool for approaching such problems has
been championed by Diaconis, with emphasis on analysis
of variance methods (Diaconis, 1988; Diaconis, 1989).
This paper explores conditional models on permutations as
a tool for solving problems involving the analysis of ranked
data, such as fusion or multiclass classification. The models are conditional because they take as input a set of permutations. Our most basic model is an extension of the
Mallows model to the conditional setting. While some attempts have been made in the statistical literature to add
covariates, they rarely take the form of additional rankings;
see (Fligner & Verducci, 1993) for a recent collection of
relevant papers. An interesting feature of the model proposed in this paper, as explained in detail below, is that
because of the invariance properties of the sufficient statistics, the model has a natural Bayesian interpretation with
respect to an underlying generative model. Thus, in contrast to many ensemble methods that are purely discriminative, the approach introduced here has both discriminative
and generative interpretations.
We view this work as forming a bridge between the statistical literature on models for ranked data and the machine learning perspective on algorithms and architectures.
The following sections present the new approach, which

we call cranking, together with the results of experiments
that validate it. Section 2 reviews the basic concepts that
are needed from the theory of permutation groups. Section 3 presents the model that the approach is based upon,
and various interpretations of this model are described in
Section 3.3. Learning and inference are described in Section 4, followed by extensions to the model in Section 5.
Section 6 presents experiments that were carried out on
synthetic data, multiclass problems from the UCI repository, and actual meta-search data. The results of the paper
are summarized in Section 7.

2. Metrics, Permutations and Coset Spaces
This section reviews some basic concepts from permutation
theory that will be of use in later sections, adopting the
notation and metrics of Critchlow (1980).
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3. A Conditional Ranking Model




 





 













 













 












 
 
 

 












 

 
 



 



 
 


















 





 















 











We list some possible choices for that fulfill the metric and right invariance properties, and that make sense in

This section presents the conditional model that forms the
basis of the new ensemble method.

3.1 Standard models
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Our starting point is the Mallows model (Mallows, 1957).

The parameters in this model are a pair 
;
is the location parameter, and  is a dispersion parameter.
The model is given by the following exponential form:
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rankers. In this setting, only the  are the free parameters
to be estimated. As an exponential model, the likelihood
function is convex in  and enjoys many nice asymptotic
properties.
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3.2 An extension to multiple input rankings
We propose a generalization of the Mallows model for estimating a conditional distribution, which is similar to the
model suggested by Feigin in chapter 5 of (Fligner & Verducci, 1993). Let
be a permutation, and 

for
. The distribution

  c     
B    + 








]W_ `
!'-., $ t  -   - 

)

(10)

defines a conditional model when there are multiple instances and each instance is associated with a possibly dif
ferent set of rankings
. These may represent, for example, the ranking of Web pages output from individual
search engines for a particular query, or the ordering of the
class labels output by the classifiers in the ensemble for a
particular instance. The parameters  can be then thought
of as indicating the “degree of expertise” of the different

   





    

  


not labels  . Furthermore, in the applications presented below, the features or weak learners are used to generate the
rankings , rather than to form an additive model. The
above observation shows, however, that the model can be
viewed as both a discriminative and (the posterior of) a generative model, a fact that may facilitate asymptotic analysis.



4. Learning and Inference
This section describes parameter estimation for the model
presented in the previous section, as well as how it may be
used for inference. These issues are non-standard here because the model is over rankings while the training and test
data are often only annotated with individual class labels.
4.1 Learning
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*; , the parameters of the model can be estimated by maximum conditional likelihood or MAP. In

principle, maximum likelihood estimation for this model
is straightforward, and can be carried out using numerical
algorithms such as a conjugate gradient procedure. However in practice, several obstacles may make training more
challenging.
In many practical situations we do not have data in the
form of full permutations. For example, in classification,
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fusion, each ranker may provide a list of, say, the top
documents, corresponding to a coset
. Here the la
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, whose form depends
on the relevance annotations in the data.
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This may again be treated as a censored data problem.
Lacking additional information about the rankers, we assume that conditioned on the coset
, the full ranking
is uniform. Under this assumption, the marginal
likelihood used to fit the model is given by
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In addition, the line search in conjugate gradient requires
the evaluation of the log-likelihood, given in terms of an
expectation by
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For small
plicitly. For larger , Markov chain Monte Carlo methods
may be attractive.

Running an MCMC algorithm such as Metropolis-Hastings
for the generalized Mallows model is relatively straightforward. A natural proposal distribution 7   is to move by
random transpositions:
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Maximum likelihood estimation using a first order technique such as conjugate gradient requires the computation
of the log-likelihood derivatives
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4.2 Using MCMC
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where    is the Cayley distance. To sample from
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simply fixes the elements given by 
, and randomly
transposes the remaining elements.

 

Diaconis and Hanlon (1992) analyze this MCMC algorithm
in the special case of a Mallows model with the Cayley
distance as the metric, showing that it is rapidly mixing.
Unfortunately, the Cayley distance is not as appropriate for
classification and meta-search applications, and no such result is known with Kendall’s in its place, nor with the generalization of the Mallows model that is proposed in this
paper. However, we have found MCMC to give reasonable
results when sampling over
for the meta-search
experiments with a proposal based on adjacent transpositions.
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While this marginal looks especially unpleasant, the use of
MCMC methods for this model is fairly straightforward, as
explained next.

4.3 Inference
At test time, partial rankings are again of interest. For
example, in classification one may wish to compute the
marginal probability that a given label  has rank one.
In the experiments reported below, the extended Mallows
model is evaluated using the expected rank of the true label, which is then used to order the items. For a given test
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their expected ranks. When used together with probability
of correctness (probability of having rank one), this provides a more meaningful measure than the standard error
rate since it gives information on “how far off” the model
is on a particular instance. In the search engine setting, one
is interested in presenting a final ranked list to a user. This
list can be formed by ranking the documents according to
the expected ranking of documents.
Working with cosets through censoring offers an appealing
and principled approach to multilabel classification problems. In multilabel classification, every instance may have
several labels. The output of the features may be any coset.
For example, the feature functions may assign confidence
scores that yield either full or partial ranking of the classes,
or they may be multilabel classifiers that output an arbitrary
coset. The model (10) can then be used to calculate probabilities of cosets, corresponding to multilabel assignments.

5. Extensions
This section briefly discusses possible extensions to the
above model that could lead to significantly more accurate
rankers.
First, the Bayesian interpretation presented in Section 3
could be modified to use a non-uniform prior  . When
viewed in terms of the posterior, this term becomes equivalent to a “carrier” or default density
in an exponential
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family model 
straightforward extension involves adding feature interaction terms, analogous to those described in (Friedman et al.,
2000). The resulting model would take the form
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may be incorporated
into the model as
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where now  is a matrix of parameters. Here   can be
interpreted as the expertise of ranker on instances for
which  
. In the search engine setting,  could be
binary features of the query that suggest an area of high
accuracy for one of the engines.



An alternative approach to censoring can be used to train
a model directly with partial permutations. In particular,
the metrics described in Section 2 can be extended to coset
spaces in various ways, and the model could be defined directly on partial permutations. Critchlow (1980) describes
to a metric
ways of extending a metric
on coset spaces
. For such a met  '1
ric, the conditional model becomes  
 43
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an extension is computational. Summing over the coset
may be intractable, and the use of an extended metric reduces the computational effort significantly. However, the
censored approach seems more motivated and intuitive than
the extended metric approach.

6. Experimental Results
This section reports the results of experiments on four data
sets. The first is a synthetic data set generated from a mixture of Gaussians in three dimensions. The next two are
multiclass datasets from the UC Irvine repository, 

and    . The last is a meta-search experiment using
a collection of queries and relevance rankings from different search engines. The first three are classification datasets
and the meta-search data has ranked lists of retrieved Web
pages.
6.1 Classification experiments
The mixture of Gaussian dataset consists of 500 training
and testing points sampled iid from five Gaussians, under a
uniform class prior. In the   dataset four car models were photographed at different orientations, and from
these images 18 numeric and geometric features were extracted from their silhouettes. The dataset includes approximately 1000 instances; the task is to predict the vehicle
model from the measurements. The    dataset has 214
instances, each labeled with one of six classes. Each instance has 10 numeric attributes originating from chemical
measurements, with the classes corresponding to different
types of glass.
Because the goal is to combine diverse classifiers, we restricted each classifier to work only on one dimension of
the input space (chosen randomly). In the first experiment
probabilistic decision stumps were used
as the weak learn
ers. A probabilistic decision stump     is defined as
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Table 1. Error rates and rank rates, comparing various forms of
additive models. Each ensemble method used the same set of
input classifiers, made up of a combination of random stumps,
neural nets, and -nearest neighbor classifiers.
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In the first set of experiments, different methods for combining a set of randomly generated stumps were compared.
Three general types of methods were used, depending on
whether they used the confidence scores of the weak learners (real AdaBoost and real logistic regression), binary decisions only (discrete AdaBoost and discrete logistic regression), or the ranked list of labels output by the stump
(cranking). When using binary or confidence scores, we
formed a linear combination of the features by minimizing the exponential loss of AdaBoost.M2 or maximizing
the likelihood in the case of logistic regression; the relationship between these optimization problems is discussed
at length in (Friedman et al., 2000; Collins et al., 2002;
Lebanon & Lafferty, 2001). When using the ranked data,
the cranking model (10) was fit using a conjugate gradient algorithm to maximize the marginal likelihood. In each
case, the parameters were fit using an iterative algorithm
that makes multiple passes through the data.



To measure the performance of the ensembles we used the
error rate and the rank rate defined as the average of the
ranks assigned to the correct labels. Error and rank rates
over the train and test set for the five methods are plotted in
the graphs in Figure 1. The plots were averaged using 10fold cross validation, with the same train/test splits used
for all methods. As expected, the use of confidence scores
in the “real” versions of logistic regression and boosting
yields better performance than the use of binary models.
On the Gaussian mixture data, cranking significantly outperforms the other methods with respect to both the error

 



and the rank rate
. For the   dataset,
rate
cranking outperforms the binary models but is worse than
the methods that use confidence scores.
In an additional set of experiments, the same ensemble
methods considered above were used for combining different classifiers; specifically, we combined randomly selected stumps, single layer feed-forward neural networks
(using 1-of- label encoding), and -nearest neighbor classifiers. All three types of classifiers output confidence
scores in the range  . The results are displayed in Table 1.
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6.2 Meta-search experiments
The second set of experiments were carried out using the
meta-search dataset described in (Cohen et al., 1999). In
this data, queries with the names of machine learning researchers and universities were first expanded in different ways, and then used to retrieve different lists of Web
pages. The queries were designed in such a way that the
correct Web page was known, making it possible to easily assign relevance judgements to the returned pages. (We
used only the machine learning queries since for the university queries a single query expansion method outperforms
the other engines for all queries.) After removing engines
and queries that didn’t have the necessary data, we were
left with 14 rankers and 79 queries.
Recent work on the fusion problem includes RankBoost
(Freund et al., 1998), the use of a linear combination of estimated relevance scores (Vogt & Cottrell, 1999), modeling
the scoring process of the different search engines (Manmatha et al., 2001) and a naı̈ve Bayes approach, referred to
as Bayes Fuse in (Aslam & Montague, 2001). In the case
of RankBoost, the hypothesis class is a linear combination
of the ranks of the individual items assigned by the input
rankers. In all of these approaches, a single ranking is output by the system rather than a distribution over rankings.
In the experiments presented below, we compare cranking with Bayes Fuse (BF). The BF model ranks
documents
according to the posterior log-odds score
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The log-odds were computed using Bayes rule and a naı̈ve
Bayes independence assumption
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The probabilities    rel and    irr were computed
using MAP estimation for a multinomial distribution with
Laplace smoothing, as well as with a kernel estimate. Both
models were used to rank the pages returned by all of the
search engines.
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Figure 1. Error and rank rates for combining random stumps. Each plot tracks the error or rank rate as the number of features is increased.
The same features are used in all methods. The first two rows are for the Gaussian mixture dataset and the last two rows are for   .
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pages returned by all of the engines is large, however, so
, as
we use a model defined directly on the coset
described briefly in Section 5. Since there is a single relevant document for each query, fitting this model involves
maximizing the marginal conditional likelihood. To do
this, a gradient ascent algorithm was used, where the gradient and log-likelihood are estimated using a MetropolisHastings algorithm, as described in Section 4.

  Ve  

 

   

To evaluate the methods, we compute the average
 rank
 of
the correct page in the test set queries, denoted test  for
the Bayes Fuse with Laplace smoothing
  and test for
the Bayes Fuse kernel estimator. test
denotes the average rank rate for the best single ranker. Note that the
best single ranker was found using both the train and test
queries. The average rank for cranking, obtained by ordering the pages according to their expected rank with respect
to (10) as described in Section 4.3, is denoted by  .
Note that all methods performed better than the best single
ranker and as the number of documents retrieved by each
ranker grows cranking outperforms Bayes Fuse.

 

7. Conclusions
This paper introduced a new approach to ensemble learning that takes ranking, rather than classification, as fundamental, leading to models on the symmetric group and its
cosets. In this respect it is to the best of our knowledge
unlike any previous work in the machine learning literature. An extension of the Mallows model was proposed as
the basis for the new approach, which has both discriminative and generative interpretations due to the right invariance of the underlying metric. As a method for combining classifiers, the ranking approach has many attractive features; for example, it naturally models the assignment of multiple labels to instances. Experiments carried
out on synthetic and UCI datasets for classification, as well
as on meta-search data for ranking, indicate that the new
approach compares well with strong competing methods.
The framework draws on the significant body of research
that has been carried out on ranking models in the statistical literature, comprising a rich theory that has significant
promise for future development in machine learning.
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